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Abstract
In the Standard Model the hypercharges of quarks and leptons are not
determined by the gauge group itself. In a recent paper [C. Hattori et al. Phys.
Rev. D 83, 015009 (2011)] it is shown that, if the direct product gauge group
GSM is slightly modified to the semidirect product group G
′
SM, hypercharges
are restricted to quantized values as n/6 mod Z (n = 0, 1, 3, 4). In this brief
paper, we examine all of the compact Lie groups locally isomorphic to GSM,
and show that G′SM (or its isomorphisms) is the unique possibility that yields
the correct hypercharge quantization.
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The Standard Model (SM) of elementary particles is based on the direct product
group GSM = SU(3)c×SU(2)L×U(1)Y and adopts the assignment of representations
of GSM to fermions as qL = (3, 2, 1/6), uR = (3, 1, 2/3), dR = (3, 1, −1/3),
lL = (1, 2, −1/2), and eR = (1, 1, −1). These peculiar values of the hypercharges
y (U(1)Y-charges) in this assignment are fixed by the phenomenological requirement
of the extremely precise equality of the absolute values of electric charges of protons
and electrons. These values are not determined by the gauge group GSM itself. It
is well known that they are fixed by an extension of the gauge group to SU(5), and
this fact is one of the motivations to consider this larger group [1].
Recently, in Ref. [2], it was shown that, by choosing the semidirect product
G′SM = [SU(3)c × SU(2)L] ⋊ U(1)Y without a group extension, we can restrict
hypercharges to quantized values as n/6 mod Z (n = 0, 1, 3, 4) within its linear
representations. The requirement of gauge-anomaly cancellation further constrains
the values of y’s. (For related works on the anomaly cancellation and the values of
y, see Refs. [3, 4, 5].) It was also shown that G′SM is isomorphic to some subgroup
G(5) of SU(5) and to the factor group GSM/Z6, the cyclic group Z6 being generated
by (ω313, ω212, ω6) ∈ GSM, where ωn is the primitive nth root of unity. They are
locally isomorphic but globally nonisomorphic to GSM.
In this brief paper, we examine all of the compact Lie groups locally isomorphic
to GSM, and show the semidirect product group G
′
SM (or its isomorphisms) is the
unique possibility that yields correct hypercharge quantization.
First, we recall a basic theorem of Lie group theory [6], which states that, in
general, any connected Lie group G locally isomorphic to some group G0 is a factor
group of its universal covering group G0 by a discrete subgroup Γ of the center
C(G0), G = G0/Γ , and furthermore the fundamental group of G is isomorphic to
Γ . As to GSM, the universal covering group is
GSM = SU(3)c × SU(2)L × R, (1)
R being the additive group of real numbers, and its center is C(GSM) = 〈ω313〉 ×
〈ω212〉×R, where 〈a〉 denotes the cyclic group generated by the element a of C(GSM).
For the factor group
G = GSM/Γ (2)
to be compact, Γ must be an infinite group. Noting that a discrete subgroup of
R can be written, with some real numbers αi 6= 0, as ΓR =
∑
i niαi (ni ∈ Z),
we find that Γ is 〈ω313〉 × 〈ω212〉 × ΓR or its subgroup of infinite order. If ΓR
contains several generators αi, they must be written as αi = αri with some real
number α and rational numbers ri. Otherwise the points identified by modding
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Γ would distribute densely in R and the factor group GSM/Γ would not form a
Lie group. For the same reason, the number of independent generators αi must be
finite. Furthermore elementary arithmetic shows that the set {
∑I
i=1 niri
∣∣ ni ∈ Z}
can be rewritten, with some rational number r, as {nr |n ∈ Z}. Using the group
isomorphism R ∋ θ 7→ (αr/2pi)θ ∈ R, we can finally write, without loss of generality,
as
ΓR = {2pin |n ∈ Z}. (3)
In order to list all possible Γ , we invoke the fundamental theorem about a finitely
generated Abelian group [7]. It means in our case that Γ can be written as a product
of finite or infinite order cyclic subgroups Γi’s as
Γ = Γ1Γ2 · · ·ΓJ , (4)
where Γi
⋂
Γj = {e} (i 6= j) and ΓiΓj denotes the set of all the elements cicj with
ci ∈ Γi and cj ∈ Γj .
A candidate of generator ai of Γi takes the form (ω3
l13, ω2
m12; n) with l =
0, 1, 2; m = 0, 1; n ∈ Z. Examples of ai are enumerated below:
a1 := (ω313, 12; 1) Γ1 = 〈a1〉 = {((ω3
n13, 12; n) | n ∈ Z}
a2 := (13, ω212; 1) Γ2 = 〈a2〉 = {(13, ω2
n12; n) | n ∈ Z}
a3 := (13, 12; 1) Γ3 = 〈a3〉 = {(13, 12; n) | n ∈ Z}
a4 := (ω313, ω212; 1) Γ4 = 〈a4〉 = {(ω3
n13, ω2
n12; n) | n ∈ Z}
a5 := (ω3
213, ω212; 1) Γ5 = 〈a5〉 = {(ω3
2n13, ω2
n12; n) | n ∈ Z}.
The product Γ1Γ2 should not be confused with Γ4.
We now consider linear representations R of G. For any representation R, the
composition R ◦ pi forms a representation of GSM. Conversely, each representation
R of GSM that satisfies, for any a ∈ Γ ,
R(ga) = R(g) (g ∈ GSM), (5)
induces a representation ofG. GSM
R
$$❍
❍
❍
❍
❍
❍
❍
❍
❍
pi

G
R
// GL(V )
A representation of GSM ∋
(
g3, g2, θ
)
takes the tensor product form
R
(
g3, g2, θ
)
= R3 (g3)⊗ R2 (g2)⊗ e
iyθ, (6)
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where R3 (R2) is an irreducible representation of SU(3)c (SU(2)L). They are spec-
ified by the Dynkin label pair [λ1, λ2]D (isospin I).
Thus, in order to find all the possible representations of G = GSM/Γ , we only
have to choose, among R given in Eq. (6), representations that satisfy Eq. (5). Since
Γ is a product of the cyclic groups Γi = 〈ai〉 as shown in Eq. (4), the invariance
condition Eq.(5) is equivalent to
R(ai) = 1, (7)
i.e. each generator ai gives a selection rule of the representations of GSM.
For example, if we take a1 = (ω313, 12; 1), Eq. (7) becomes
R
(
a1) = e
2pii
r3
3 e2piiy1 = 1.
This implies the selection rule y ≡ −r3/3 := −(λ1 + 2λ2)/3 mod Z, which contra-
dicts the SM assignment of hypercharge. In a similar way, a2 = (13, ω212; 1) as well
as a3 = (13, 12; 1) give incorrect selection rules y ≡ r2/2 := I and y ≡ 0 mod Z,
respectively. On the other hand the choice a4 = (ω313, ω212; 1) gives
y ≡
r2
2
−
r3
3
mod Z, (8)
which is consistent with the SM assignment, while a5 = (ω3
213, ω212; 1) gives the
wrong sign hyperchages. (We note in passing the complex conjugation of SU(3),
g3 7→ g3
∗, gives the isomorphism GSM/Γ5 ∼= GSM/Γ4.)
In this way we can see that all the choices of generators other than a4 give
incorrect hypercharges. (The reader might think that, for example, 〈a3
6〉 gives the
selection rule consistent with the SM. Notice, however, 〈a3
6〉 is a subgroup of 〈a4〉
because a3
6 = a4
6.) Thus we find the group Γ , which gives the correct selection rule
for hyperchrges, to be
Γ4 = 〈(ω313, ω212; 1)〉. (9)
The factor group
GSM/Γ4 = [SU(3)c × SU(2)L × R]/〈(ω313, ω212; 1)〉 (10)
is seemingly different from the factor group
GSM/Z6 = [SU(3)c × SU(2)L × U(1)]/〈(ω313, ω212, ω6)〉, (11)
the latter of which is shown to be isomorphic to G′SM in Ref. [2]. They are, in fact,
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isomorphic to each other. Indeed, by rewriting as
Γ4 = 〈(ω313, ω212; 1)〉
= {
(
ω3
n+6m13, ω2
n+6m12;n+ 6m
)
| m,n ∈ Z}
=
{
(ω3
n13, ω2
n12; 6(
n
6
+m)) | m,n ∈ Z
}
and by considering the map θ 7→ 6θ, we obtain, with Γ ′4 := {(ω3
n13, ω2
n12; n/6 +
m) | m,n ∈ Z},
GSM/Γ4 ∼= GSM/Γ
′
4,
whose right-hand side is nothing but GSM/Z6.
We conclude that the semidirect product group G′SM (or its isomorphisms) is the
unique possibility that yields correct hypercharge quantization. This result gives no
practical significance to the SM physics, except for predictions about exotic matter
fields, which have already been given in Ref. [2]. However, the reasoning given here
will serve the study of beyond-SM gauge groups and matter contents.
One of the authors (M.M.) wishes to express his gratitude to Chuichiro Hattori
and Takeo Matsuoka for several helpful comments concerning the structure of ΓR
and the final result.
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